Inspired by the rich structure of covariant string field theory, we propose a minimal gauge invariant action for general massive integer spin n field. The action consists of four totally symmetric tensor fields of order respectively n, n − 1, n − 2 and n − 3, and is invariant under the gauge transformation represented by two also totally symmetric fields of order n − 1 and n − 2.
Introduction
It is well-known that a massive integer spin n field on d dimensional flat spacetime is represented by totally symmetric tensor field A µ 1 ···µn with the following set of conditions [1, 2, 3, 4, 5, 6] 1 :
A Lagrangian formulation for this system has been given by Singh and Hagen [7] . The field contents of the Lagrangian are given by the set of n symmetric traceless tensor fields of order n, n − 2, n − 3, · · · , 0 where the highest order n tensor field is the original A µ 1 ···µn and the other n − 1 lower order tensor fields are auxiliary.
Our aim of the present paper is to introduce a minimal gauge invariant Lagrangian for the same system given by eqs. (1)- (3), and apply the gauge fixing procedure to the Lagrangian according to the knowledge of the covariant string field theory. The gauge structure of the minimal Lagrangian is simple enough to further attempt to construct the interaction terms consistently based on the system. The fields contents of the Lagrangian for general n are the set of only four unconstrained symmetric tensor fields A, h, D, and φ of order respectively n, n − 1, n − 2, and n − 3. The Lagrangian is invariant under the gauge transformation with respect to also unconstrained two gauge parameter fields λ and ζ of order respectively n − 1 and n − 2.
We should notice that there have been proposed some other Lagrangian formulations for the system eqs. (1)- (3) within the developments of higher-spin field theories, e.g., [8, 9, 10, 11, 12, 13, 14, 15] . Among them, the characteristic feature of our minimal action is that the gauge structure respects the one for the covariant string field theory, other than the simplicity of the field contents 2 . Indeed, the action for massive spin n (n > 1) field should be extracted from the level n part of the open string field theory action, though it is difficult to perform it directly because of the technical reason except for lower n. 1 Here, we consider a series of irreducible representations of o(d − 1) algebra classified by an integer n. For d > 4, there exist other non-trivial representations which are described by general mixed symmetric tensor fields. 2 We notice during preparation of this paper that the Lagrangian given in ref. [9] (and reviewed in ref. [11] ) also consists of four unconstrained symmetric tensor fields. The Lagrangian should essentially be equivalent to our Lagrangian after performing a suitable field redefinition.
The massless limit of the action is divided into the two independent actions represented respectively by the sets of two fields (A, D) and (h, φ). Each of these actions is equivalent to the one known as the 'triplet' action [16, 17, 18, 19] , which is obtained by taking the tensionless limit of the open string field theory or by the massless part of the extended string field theory [20] . This paper is organized as follows. In the next section 2, we propose a gauge invariant Lagrangian for massive totally symmetric field of order n with three additional fields without preparation. After discussing the gauge structure of the Lagrangian in detail, we show that this Lagrangian exactly represent the massive spin n field step by step, by explicitly demonstrating that the fields equations (1)- (3) are obtained from the proposed action if we fix the gauge degrees of freedom suitably. The main part of the proof is collected in Appendix B. We also discuss the massless limit of the Lagrangian and the relation with the triplet Lagrangian. In section 3, we discuss covariant gauge fixing procedure for the action and give BRST invariant gauge-fixed action corresponding to each of the wide class of covariant gauge fixing conditions. In section 4, we summarize the results and give discussions including the possible generalization and application of our result. We collect the notations and conventions in Appendix A.
Gauge invariant Lagrangian for massive higher spin symmetric tensor field
We first present the main result of this paper: We give a minimal gauge invariant Lagrangian L n representing the spin n field of mass m in d-dimensional flat spacetime. Field contents we prepare for L n are four unconstrained totally symmetric tensor fields of order n, n − 1, n − 2 and n − 3, which we write respectively as:
With this set of fields, we can construct the following quadratic Lagrangian L n by assuming that the coefficients of the terms A µ 1 µ 2 ···µn A µ 1 µ 2 ···µn and h µ 1 µ 2 ···µ n−1 h
are both non-zero and that the Lagrangian in invariant under the gauge transformations of the form eqs. (11)- (13) and δφ = ∂ · ζ + c∂ζ ′ . The explicit form of the Lagrangian
where
Here,
2 and ⌊x⌋ =floor(x) gives the greatest integer less than or equal to x. We have used the abbreviated notations of fields and derivatives in the above equations and omitted the spacetime indices. To restore those indices, we use the following rules.
See Appendix A for details of notations and the useful relations. The Lagrangian L n that we now just propose is constructed so that it is invariant under the following gauge transformations (up to total derivatives)
Here, λ(= λ (µ 1 ···µ n−1 ) ) and ζ(= ζ (µ 1 ···µ n−2 ) ) are unconstrained totally symmetric gauge parameter fields of order respectively n − 1 and n − 2. We have also used the abbreviated
We now show that the physical degrees of freedom of the system given by L n exactly coincides with that of the massive spin n field. First, note that the total number of the degrees of freedom of four fields A, h, D and φ is
and that of two gauge parameter fields λ and ζ is
By noticing that all the gauge transformations given above are independent and that there is on-shell residual gauge invariance corresponding to the zero-norm (null) degrees of freedom, the number of physical degrees of freedom of the system L n is obtained by
We see that this number exactly coincides with the degrees of freedom of the spin n field A (µ 1 ···µn) satisfying eqs. (1)- (3). We can in fact prove that the equations of motion obtained from the Lagrangian L n (A, D, h, φ) are equivalent to the set of equations (1)- (3) after suitably fixing the gauge symmetry. The proof is given in Appendix B. With this result, we confirm that our Lagrangian L n describes the massive spin n field.
We explicitly see the structure of the Lagrangian L n and the gauge transformation for lower n as examples. For n = 1, they are given by
and
This is the Stückelberg Lagrangian for massive gauge field A µ as expected. For n = 2, the field contents are A µν , h µ , and D, and the Lagrangian is given by
This is invariant under the gauge transformation
with gauge parameter fields λ µ and ζ. This Lagrangian L n=2 is equivalent to the weak massive graviton field [1, 21] and can be obtained from the level N = 2 of the open string field theory. For n = 3, the field contents are A µνρ , h µν , D µ , and φ, and the gauge parameter fields are λ µν and ζ µ . The Lagrangian L n=3 is written as
which is invariant under the gauge transformation
Note that this Lagrangian L n=3 is equivalent to the one obtained from the level N = 3
part of the open string field theory [16] . The Lagrangian L n for general n > 3 should also be directly obtained from the level N = n action of the open string field theory although we have not confirmed this explicitly since the string field theory action for higher level is very complicated.
The relation of the proposed Lagrangian L n to the string field theory can be seen explicitly by taking the massless limit. If we take m 2 = 0, the Lagrangian is divided into two independent parts, the (A, D) and the (h, φ) parts, as
where (6) and L hφ n−1,m 2 =0 (h, φ) can be read from eq.(5). We see from eqs. (11)
respectively.
On the other hand, we know that the tensionless limit of the string field theory gives the following Lagrangian for totally symmetric tensor fields A (order n) and D (order n − 2) [16, 17, 18, 19] :
This Lagrangian L is simply obtained from the massless part of the order n extended string field theory developed in ref. [20] .
we can show that the physical system obtained from the Lagrangian
We finally discuss the uniqueness of the Lagrangian L n (A, D, h, φ) under the assumption of the gauge transformations eqs. (11)- (14) . Let us assume a quadratic Lagrangian of the form: 
Gauge fixing procedure and the gauge fixed action
We now discuss covariant gauge fixing procedure for the gauge invariant Lagrangian L n proposed in the previous section. We can identify a set of appropriate gauge fixing conditions which is parametrized by n real parameters. This is seen by explicitly constructing a consistent BRST invariant gauge fixed action for each of the conditions. In order to proceed with the discussion, we first define the following two totally symmetric tensor fields f λ (order n − 1) and f ζ (order n − 2) as
We see from eqs. (11)- (14) that the gauge transformation of these fields takes the following specific form
When the fields are off-shell ( − m 2 = 0), we can gauge transform to set f λ = f ζ = 0 by adjusting the gauge parameter fields λ and ζ. Since there is no additional gauge degrees of freedom within the condition f λ = f ζ = 0, this gives an appropriate gauge fixing condition. In fact, this particular condition corresponds to the simple gauge known as Landau gauge. Other than this choice of gauge, we can choose many other consistent covariant gauge fixing conditions. We identify a class of consistent gauge fixing conditions by explicitly constructing an appropriate gauge fixed action for each of these gauge fixing conditions. General form of such gauge fixed action is given by
where L n gh+g.f.,{α 1 ,α 2 ,a i ,b j } represents the (anti-)ghosts and the gauge fixing terms with n real parameters
⌋ which distinguish the different gauge conditions. (Note that ⌊ n−1 2
where a 0 = b 0 = 1. We have introduced several new fields: β λ (= β λ (µ 1 ···µ n−1 ) ) and β ζ (= β ζ (µ 1 ···µ n−2 ) ), which correspond to Nakanishi-Lautrup (NL) fields, ghost fields γ λ (= γ λ (µ 1 ···µ n−1 ) ), γ ζ (= γ ζ (µ 1 ···µ n−2 ) ), and anti-ghost fieldsγ λ (=γ λ (µ 1 ···µ n−1 ) ),γ ζ (=γ ζ (µ 1 ···µ n−1 ) ).
Note that ghost and anti-ghost fields are Grassmann odd. Note also that the third and the forth terms of the right-hand side of eq.(36) can be rewritten as
in the abbreviated notation given in Appendix A. In order that L n gh+g.f.,{α 1 ,α 2 ,a i ,b j } gives the gauge fixing terms for an appropriate gauge fixing condition,
should satisfy the additional conditions: The parameters should be taken so that the conditions f λ = 0, and f ζ = 0 (39) are definitely lead from the assumption
λ = 0, and
Also we can choose α 1 ≥ 0 and α 2 ≥ 0 without loss of generality. If we choose a set of parameters {α 1 , α 2 , a i , b j } satisfying these conditions, the action S n {α 1 ,α 2 ,a i ,b i } gives an appropriate gauge fixed action since it does not have any remaining gauge degrees of freedom and gains BRST and anti-BRST invariance instead. The BRST transformation is given by
and δ B γ λ = δ B γ ζ = 0 where ξ is a Grassmann odd parameter. Also, the anti-BRST transformation is given byδ
andδ Bγλ =δ Bγζ = 0 whereξ is a Grassmann odd parameter. These two transformations commute with each other
Note that we have taken δ B andδ B as Grassmann even quantities since we have included
Grassmann odd parameters ξ andξ in the definition of the transformations. This structure is exactly the same as that for the minimal gauge fixed action constructed from the covariant string field theory [22, 23, 24, 25] .
For any n, the choice α 1 = α 2 = 0 corresponds to the Landau gauge since the condition (39) is obtained from the gauge fixing terms. Furthermore, we see the explicit form of the gauge fixed Lagrangian for n = 1 and n = 3 as examples. For n = 1, there is only one gauge parameter α and the gauge fixing terms are given by
where β is the NL field, γ andγ are ghost and anti-ghost fields. This coincides with the gauge fixing terms for well-known one-parameter family of covariant gauges for gauge field A µ . The Feynman gauge and the Landau gauge correspond to α = . The condition for a 1 comes from the fact that the equation f λ = 0 cannot be lead from the condition
. Besides, if we assume
, f λ = 0 is lead from the same condition. The explicit form of the gauge fixing terms for L n=3 are given by
The gauge condition specified by α 1 = α 2 (= a 1 ) = 0 corresponds to the Landau gauge.
The Feynman gauge, where the propagators for all the fields are given by 1 −m 2 , is given by choosing the parameters as (α 1 , α 2 , a 1 ) = ( 
Summary and discussions
We have explicitly constructed a minimal gauge invariant Lagrangian L n for free massive integer spin n field whose gauge structure conforms to the gauge invariant action of covariant string theory. We have also identified a set of appropriate covariant gauge fixing conditions by using the knowledge of the string field theory and have given consistent BRST and anti-BRST invariant gauge fixed action for each gauge condition. The main results are given in eqs. (5), (6), (35) and (36).
The Lagrangian L n , which consists of four unconstrained totally symmetric tensor fields, can be rewritten as another form by introducing two additional auxiliary fields.
This form of the Lagrangian thus consists of six independent tensor fields and is divided into two triplet Lagrangians when we take the massless limit. The explicit form of the Lagrangian should be determined by assuming the gauge transformation given by eqs. (11)- (14) and the one for new fields:
where C and B are the auxiliary totally symmetric tensor fields of order n − 1 and n − 2 respectively.
In the present paper, we have only dealt with the integer spin n fields, which are the simplest of various massive higher spin fields. In principle, we are able to construct a 
The explicit form of the Lagrangian for these fields should be constructed by assuming a suitable form of gauge transformations so than it is divided into two triplet Lagrangians of massless higher-spin fermionic fields [18, 19] when we take the massless limit. After constructing the Lagrangian explicitly, we will be able to clarify the relation between such system and the massive half-integer spin s = n + 
with the spinor index a = 1, · · · , 2
⌋ . Also, it would be possible to construct a minimal Lagrangian for a massless or massive field of general non-trivial representation. The investigation of the massless action of the extended string field theory [20, 27] would be helpful for such purpose. We leave such problem for future work.
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Appendix A Notations and Conventions
We give the notations and conventions used in the text. All the fields we deal with in the text are totally symmetric tensor fields and we often omit the parentheses indicating the symmetrization of the indices as A µ 1 ···µn ≡ A (µ 1 ···µn) . Note that we normalize the indices
We use the mostly plus metric η µν for d-dimensional flat spacetime on which our theory is defined. For the operation of derivatives with respect to spacetime coordinates x ν on A (µ 1 ···µn) , we use the abbreviated notation
We may further omit the indices and write ∂ · A or (∂A) if possible. We take the symmetrization of the indices of the product of two symmetric tensors A µ 1 ···µn and B µ 1 ···µn and denote the result by (AB). For example, symmetrization of the indices of the product of A and two metric tensors is denoted by
Note that the contraction of two totally symmetric tensor fields A and B of the same order n is denoted by AB: AB = A µ 1 ···µn B µ 1 ···µn . Note that AB gives a scalar unlike (AB) gives a 2n-th order symmetric tensor field. We use the prime index ′ to represent the trace operation as This set of equations exactly coincides with the conditions (1)-(3). This completes the proof of the equivalence between the physical system given by our minimal gauge invariant Lagrangian L n and the known field equations (1)- (3) for massive higher-spin field.
